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Abstract
We express, under appropriate conditions, the fundamental group of a singular complex quasi-projective
variety as a quotient of the fundamental group of a general hyperplane section, using a generic pencil. The
subgroup by which the quotient is taken is described with the help of the monodromies around the exceptional
hyperplanes of the pencil. This is a new generalization of the classical Zariski–van Kampen theorem on curves.
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1. Introduction
Let X be a (possibly singular) quasi-projective variety in the complex projective space Pn, and
L be a generic hyperplane of Pn. The singular version of the Lefschetz hyperplane section theorem
(cf. [11–13,15]) asserts that the pair (X;L ∩ X ) is m-connected for some integer m depending on
the singularities of X . In this paper, we are interested in the class of varieties X for which the best
known integer m is 1. 1 For such a variety X , the natural map q(L ∩ X; x0) → q(X; x0), between
homotopy groups (or sets), is thus bijective for q = 0 and surjective for q = 1. Our aim here is to
describe the kernel of the natural map 1(L ∩ X; x0)→ 1(X; x0).
For this purpose, it is classical to consider L as a member of a pencil of hyperplanes of Pn
with a generic axis M. The sections of X by all the hyperplanes of such a pencil are isotopic to
∗ Tel.: +81-426-77-2465.
E-mail address: eyralchr@yahoo.com (C. Eyral).
1 This class is rather large. For instance, it includes the subclass of non-singular varieties of pure dimension 2, or also
the subclass of varieties which are locally a complete intersection of pure dimension 2 (see [10,16]).
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the one by L with the exception of the sections by a Dnite number of exceptional hyperplanes
(Li)i. For each i, we choose a certain geometrical monodromy around Li leaving the axis M ∩ X
pointwise Dxed (cf. Section 4.1). This monodromy gives rise, for every base point x0 ∈M∩X , to a
variation operator Vari: 1(L∩X; x0)→ 1(L∩X; x0) (cf. Section 4.2). Our main result (Theorem
5.1) asserts that, under appropriate conditions, for every x0 ∈M ∩ X the kernel of the natural map
1(L ∩ X; x0) → 1(X; x0) coincides with the normal subgroup of 1(L ∩ X; x0) generated by the
images of the variation operators (Vari)i. In particular, combined with the Lefschetz hyperplane
section theorem, this gives a natural isomorphism
1(L ∩ X; x0)
/⋃
i
ImVari
∼−→ 1(X; x0);
where
⋃
i ImVari denotes the normal subgroup of 1(L ∩ X; x0) generated by
⋃
i ImVari.
This paper is thus a natural continuation of original Zariski’s and van Kampen’s papers [28,26]
about the fundamental groups of the complements of plane algebraic curves (which are special cases
of our main result); ChGeniot’s papers [3,4] containing the Drst complete proof of the Zariski–van
Kampen theorem, and [6] concerning similar problems for the high-dimensional homology groups
of non-singular quasi-projective varieties; Libgober’s and ChGeniot-Libgober’s papers [19,8] about the
high-dimensional homotopy groups of the complements of hypersurfaces with isolated singularities;
Shimada’s papers [21,22] on the fundamental groups of non-singular irreducible quasi-projective
varieties; and the paper of ChGeniot and the author [7] concerning the high-dimensional homotopy
groups of the complements of hypersurfaces with isolated singularities (note that [7] also gives
a general conjecture concerning extensions of [19,8,7] to high-dimensional homotopy groups of
non-singular quasi-projective varieties).
The content of this article is as follows. In Section 3, we Dx the general setting, and we recall some
basic facts on generic pencils. In Section 4, we review some elementary properties of monodromies,
and we deDne the variation operators. The main results are stated in Section 5. In Section 6, we
discuss the conjecture given in [7] and we make explicit the link between it and some results
introduced in this paper. Finally, in Section 7, we give the proof of our main result about singular
varieties.
2. Notation—conventions
Throughout the paper, I designates the unit interval [0; 1].
Let A be a topological space, and a∈A be a base point. For a loop : I → A based at a, we
denote by []A;a its homotopy class in the fundamental group 1(A; a). If there is no ambiguity, we
shall omit the subscripts. We use the standard notation from homotopy theory as, for example,  · 
(or simply ) for the product of two loops  and ; −1 for the inverse of a loop ; etc... We also
recall that a loop based at a is null-homotopic if it is homotopic to the constant loop a based at a.
We denote by 1 the element [a]A;a ∈ 1(A; a). For a continuous map f: (A; a) → (B; b), we denote
by f#: 1(A; a)→ 1(B; b) the homomorphism induced by f.
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3. General setting
Let X := Y \ Z , where Y is a non-empty closed algebraic subset of the complex projective space
Pn, with n¿ 2, and Z a proper closed algebraic subset of Y (such an X is called a quasi-projective
variety). Take a Whitney stratiDcation S of Y such that Z is a union of strata (cf. [18,27]), and
consider a projective hyperplane L of Pn transverse to (the strata of) S (the choice of such a
hyperplane is generic). Let P be a pencil of hyperplanes of Pn having L as a member and the axis
M of which is transverse to S (the choice of such an axis is generic inside L). All the members
of P are transverse to S with the exception of a Dnite number of them (Li)i, called exceptional
hyperplanes, for which, nevertheless, there are only a Dnite number of points of non-transversality,
all of them situated outside of M (cf. [5]). Note that, for any projective hyperplane K of Pn
transverse to S, the pair (K∩X;M∩X ) is homeomorphic to the pair (L∩X;M∩X ) (cf. [5]). If
necessary, one may consider some ordinary members of P, diJerent from L, as exceptional ones.
For each i, we denote by Si the (Dnite) set of points of non-transversality of Li to the strata of
S. We set S :=
⋃
i Si.
We parametrize the elements of P by the complex projective line P1 as usual. Let z be the
parameter of L and, for each i, let zi be the parameter of Li. For each i, take a small closed disk
Di ⊂ P1 with centre zi together with a point ai on its boundary. Choose the Di mutually disjoint.
Take also the image %i of a simple arc in P1 joining z to ai and such that:
(i) %i ∩ Di = ai;
(ii) %i ∩ %i′ = z if i = i′;
(iii) %i ∩ Di′ = ∅ if i = i′.
For any subsets G ⊂ Pn and E ⊂ P1, we shall note
GE :=
⋃
e∈E
G ∩P(e);
where P(e) is the member of P with parameter e. Thus, for instance, L ∩ X will be denoted
by Xz.
Also, because of a frequent reference to the part of X situated on the axis of the pencil, we shall
note (for simplicity)
M :=M ∩ X:
4. Monodromies and variation operators
Throughout this section, i is Dxed.
4.1. Monodromies
Set Ki := %i∪Di, and consider a loop !i in the boundary @Ki of Ki starting from z, running along
%i up to ai, going once counter-clockwise around the boundary of Di and coming along %i back to z.
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By ChGeniot [6, Lemma 4.1], there is an isotopy
H : Xz × I → X@Ki
such that:
(i) H (x; 0) = x, for every x∈Xz;
(ii) H (x; t)∈X!i(t) for every x∈Xz and every t ∈ I ;
(iii) for every t ∈ I , the map Xz → X!i(t), deDned by x → H (x; t), is a homeomorphism;
(iv) H (x; t) = x, for every x∈M and every t ∈ I .
The terminal homeomorphism
h: Xz → Xz
of H , deDned by h(x) := H (x; 1), of course leaves M pointwise Dxed. Such a homeomorphism h is
called a geometric monodromy of Xz relative to M above !i.
Remark 4.1.1. Another choice of loop !i within the same homotopy class [!i]∈ 1(P1\
⋃
i zi; z) and
another choice of isotopy H above !i, as described previously, would give a geometric monodromy
isotopic to h within Xz by an isotopy leaving M pointwise Dxed. Thus, the isotopy class of h in Xz
relative to M is wholly determined by the homotopy class [!i]∈ 1(P1 \
⋃
i zi; z).
4.2. Variation operators
We assume that M = ∅, and we Dx a base point x0 ∈M . We also consider a geometrical mon-
odromy h of Xz relative to M above !i (cf. Section 4.1).
Since h leaves x0 Dxed, it induces an isomorphism
h#: 1(Xz; x0)→ 1(Xz; x0):
Then, there is a well-deDned map
Vari: 1(Xz; x0)→ 1(Xz; x0)
[] → []−1h#([]):
By Remark 4.1.1, it depends only on the homotopy class [!i]∈ 1(P1 \
⋃
i zi; z). Map Vari will be
called a variation operator associated to [!i]. It can be connected to operator VARi;1 introduced in
[7, Section 4] (see Observation 4.2 of [7]).
5. Statement of the main results
By [11, ThGeorLeme 2.5 (applied with k=0)], if (X; X \S) is 1-connected and (Xz;M) is 0-connected,
then (X; Xz) is 1-connected (we recall that S is the set of points of non-transversality of the Li,
all i, to the strata of S). In particular, M is non-empty and, for every x0 ∈M , the natural map
q(Xz; x0)→ q(X; x0) is bijective for q=0 and surjective for q=1. Our main result describes, under
some additional hypotheses, the kernel of the natural map 1(Xz; x0) → 1(X; x0). More precisely,
we prove the following theorem.
C. Eyral / Topology 43 (2004) 749–764 753
Theorem 5.1. Assume that X \S = ∅ and, for every base point •∈X \S, that the natural map
q(X \S; •)→ q(X; •)
is bijective for q∈{0; 1}. Assume also that the natural map
0(M)→ 0(Xz)
is bijective, and that the natural map
0(M)→ 0(Xzi \Si)
is surjective for every i (we recall that Si is the set of points of non-transversality of Li to the
strata of S). Then, for every base point x0 in M (which is non-empty), the natural map
q(Xz; x0)→ q(X; x0)
is bijective for q = 0, surjective for q = 1 (as observed above under weaker hypotheses), and its
kernel for q = 1 coincides with the normal subgroup
⋃
i ImVari of 1(Xz; x0) generated by the
union
⋃
i ImVari of the images of the variation operators de6ned in Section 4:2. In particular, for
every x0 ∈M , there is a natural isomorphism
1(Xz; x0)
/⋃
i
ImVari
∼→ 1(X; x0):
Theorem 5.1 will be proved in Section 7.
The hypothesis concerning the natural maps q(X \ S; •) → q(X; •) is a natural extension of
the 1-connectivity of the pair (X; X \ S) used in the hyperplane section theorem for pencils [11,
ThGeorLeme 2.5 (with k = 0)] just before the statement of Theorem 5.1. Indeed, by [24, Proposition
3.13], the pair (X; X \S) is 1-connected if and only if X \S = ∅ (we recall that we have assumed
X = ∅) and for every base point •∈X \S the natural map q(X \S; •)→ q(X; •) is bijective for
q= 0 and surjective for q= 1.
Similarly, the assumption concerning 0(M) → 0(Xz) is just an extension of the 0-connectivity
of the pair (Xz;M).
We also point out the fact that, in Theorem 5.1, we also need the surjectivity of 0(M) →
0(Xzi \Si), all i, whereas none hypothesis on the exceptional sections was required to apply [11,
ThGeorLeme 2.5 (with k = 0)].
Let us now consider in more detail the case where X is non-singular. Denote by d the least
dimension of the irreducible components of Y not contained in Z . Of course, [11, ThGeorLeme 2.5
(with k = 0)] (resp. Theorem 5.1 above) applies when X is non-singular. But when, in addition,
d¿ 1 (resp. d¿ 2), then [11, ThGeorLeme 2.5 (with k = 0)] (resp. Theorem 5.1) can be simpliDed.
Let us be more precise. By [9, ThGeorLeme 4.3], if X is non-singular, then the pair (X; X \ S) is
(2d− 1)-connected. So, when X is non-singular and d¿ 1, [11, ThGeorLeme 2.5 (with k =0)] can be
simpliDed as follows: “if X is non-singular, with d¿ 1, and if (Xz;M) is 0-connected, then (X; Xz)
is 1-connected” (notice that, in the special case where d¿ 2, the pair of non-singular spaces (Xz;M)
is automatically 0-connected). Moreover, in this special case (i.e., d¿ 2), the non-singular version
of Theorem 5.1 can also be simpliDed. More precisely, we have the following result.
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Corollary 5.3. Assume that X is non-singular and d¿ 2. If the natural map
0(M)→ 0(Xz)
is bijective, and if the natural map
0(M)→ 0(Xzi \Si)
is surjective for every i, then for every x0 ∈M (which is non-empty) the natural map
q(Xz; x0)→ q(X; x0)
is bijective for q=0, surjective for q=1, and its kernel for q=1 coincides with the normal subgroup
of 1(Xz; x0) generated by the family (ImVari)i.
Corollary 5.3 is true for d¿ 2, but the only interesting case is the case d = 2. Indeed, when
d¿ 3, Corollary 5.3 does not give extra information compared with the non-singular version of the
Lefschetz hyperplane section theorem (cf. [12,13,15]) which asserts that if X is non-singular then
the pair (X; Xz) is (d− 1)-connected.
In the special case n=2, Y =P2 and Z =C, where C is a closed algebraic curve, the spaces M ,
Xz and Xzi \Si are pathwise connected. The hypotheses on the natural maps 0(M) → 0(Xz) and
0(M) → 0(Xzi \Si), all i, involved in the corollary, are thus in this case automatically satisDed.
Corollary 5.3 thus implies the classical Zariski–van Kampen theorem (cf. [3,4,26,28]).
Assume again that X is a non-singular quasi-projective variety with d¿ 2 (as in Corollary 5.3)
and suppose moreover that X , Xzi \ Si, all i, and M are irreducible. Then, the hypotheses on the
natural maps 0(M) → 0(Xz) and 0(M) → 0(Xzi \ Si), all i, involved in the corollary, are
automatically satisDed since, in this special case, the spaces M , Xz and Xzi \Si, all i, are pathwise
connected.
In [21,22], Shimada studied the more general question concerning the kernel of the natural map
1(F; ∗) → 1(E; ∗), where F is a general Dbre of a dominant morphism f: E → B between
non-singular irreducible quasi-projective varieties E and B. In particular, [21,22] (e.g., [22, Proposi-
tion 2.4]) already contain Corollary 5.3 in the case where X is irreducible.
6. The link with a conjecture of [7]
Corollary 5.3 implies the following result.
Corollary 6.1. Under the hypotheses of Corollary 5:3, for every x0 ∈M , the kernel of the natural
map 1(Xz; x0) → 1(X; x0) coincides with the normal subgroup of 1(Xz; x0) generated by the
images of operators (VARi;1)i introduced in [7, Section 4].
This result, when d = 2 (which is the only interesting case (see above)), may be connected to
the case d = 2 of [7, Conjecture 6.1]. However, it is not equivalent to it. Indeed, the hypotheses
on the natural maps 0(M) → 0(Xz) and 0(M) → 0(Xzi \ Si), all i, used in Corollary 6.1, do
not appear in [7, Conjecture 6.1]. I am still thinking that we should do without these hypotheses
when working with operators VARi;1 (Corollary 6.1) but at the moment I do not have a complete
proof. On the other hand, these hypotheses seem to be quite relevant in Corollary 5.3 (compare
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with the hypotheses of [22, Proposition 2.4]): observe that, in Corollary 5.3, the kernel of the map
under consideration is expressed in terms of variations operators deDned on the absolute homotopy
group 1(Xz; x0), whereas the operators used in Corollary 6.1 are deDned on the relative homotopy
set 1(Xz;M; x0) which provides a greater liberty of motion!
Proof of Corollary 6.1. By [7, Lemma 4.8], the images of operators VARi;1 are contained in the
kernel the natural map 1(Xz; x0)→ 1(X; x0). Conversely, since each element of this kernel can be
expressed with the help of operators Vari (cf. Corollary 5.3), they can also be entirely described
using operators VARi;1 by [7, Observation 4.2] which asserts that the image of Vari is contained in
the image of VARi;1.
Remark. In fact, the proof of Corollary 6.1 shows that operators Vari may be replaced by operators
VARi;1, not only in Corollary 5.3, but in Theorem 5.1 too.
7. Proof of Theorem 5.1
Let x0 be a base point in M .
That the natural map q(Xz; x0)→ q(X; x0) is bijective for q=0 and surjective for q=1 follows
immediately from [11, ThGeorLeme 2.5 (applied with k = 0)] as observed, under weaker hypotheses,
just before the statement of Theorem 5.1.
From now on, we focuss on the assertion concerning the kernel of the map 1(Xz; x0)→ 1(X; x0).
We start by showing that it suQces to consider the case S ⊂ Z . Indeed, assume that the result holds
in this case. Then, by applying it to Y and Z ∪S (proceed as in [11, Section 9.2]), one obtains that
the kernel of the natural map
1(Xz; x0)→ 1(Y \ (Z ∪S); x0)
is the normal subgroup of 1(Xz; x0) generated by the family (ImVari)i. But Y \ (Z ∪S) = X \S,
and the result (general case) thus follows from the bijectivity of the natural map
1(X \S; x0)→ 1(X; x0):
Now, we must prove that our assertion on the kernel of 1(Xz; x0) → 1(X; x0) eJectively holds in
the special case S ⊂ Z . This is the main part of the proof (Sections 7.1–7.5). Our proof is similar
to the proof of the Zariski–van Kampen theorem given by ChGeniot in [4,3]. We shall also often
refer to [11] for many results on the topology of singular spaces.
From now on, we thus assume that S ⊂ Z .
It is convenient to blow up the ambient space Pn along the axis M of the pencil, because this
allows to translate some crucial isotopies associated with the pencil in Pn in terms of locally trivial
Dbrations in the blown up space (cf. [1,5]).
7.1. Blowing up and 6bration outside the exceptional hyperplanes
Let P˜n be the blow up of Pn along M, which is deDned by
P˜n := {(x; e)∈Pn × P1|x∈P(e)}
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(we recall that P(e) is the member of P with parameter e). It is a compact analytic submanifold
of Pn × P1 with dimension n.
The projections of Pn × P1 onto its two factors, when restricted to P˜n, give two proper analytic
morphisms
f: P˜n → Pn and p: P˜n → P1:
For any subsets G ⊂ Pn and E ⊂ P1, we note
G˜ := f−1(G) and G˜E := G˜ ∩ p−1(E):
One must not confuse G˜E with G˜E; we have
G˜E = G˜E ∪ ( ]G ∩M) = G˜E ∪ ((G ∩M)× P1):
By stratifying suitably Y˜ and then applying the Drst isotopy theorem of Thom–Mather (cf. [20,25]),
one obtains (cf. [5, (11.1.5)]) that the restriction of p to
X˜ ∗ := X˜
∖⋃
i
X˜zi
is a topological locally trivial Dbration over P1 \ ⋃i zi with typical Dbre X˜z homeomorphic to Xz.
Moreover, this bundle has
M ×
(
P1
∖⋃
i
zi
)
as a trivial subbundle of it.
Let y0 := (x0; z)∈M×z. Clearly, the blowing up morphism f induces an isomorphism 1(X˜z; y0) ∼→
1(Xz; x0). Since (Xz;M) is 0-connected and S ⊂ Z , it also induces an isomorphism 1(X˜ ; y0) ∼→
1(X; x0). This assertion is not obvious. BrieRy, the idea of the proof is as follows. The fact that
the blowing up morphism induces an isomorphism X˜ \ M˜ ∼→X \ M allows to show that the map
q(X˜ ; M˜ ; y0)→ q(X;M; x0), induced by f between the relative homotopy sets, is bijective for q=1
and surjective for q = 2. Here, the main tool in the proof is the homotopy excision theorem of
Blakers–Massey (cf. [14, Corollary 16.27]) applied to a suitable excision in the mapping cylinder
of the blowing up morphism. Then, our assertion on 1(X˜ ; y0) → 1(X; x0) can be deduced using
the properties of the projection morphism p. For a complete and detailed proof, we refer to [11,
Section 8].
To use the geometric setting developed above, we embed the natural map 1(Xz; x0) → 1(X; x0)
into the following commutative diagram:
1(X˜z; y0) −−→ 1(X˜ ; y0)
K

 f# K

1(Xz; x0) −−→ 1(X; x0);
(7.1.1)
where the horizontal arrows are induced by inclusion and the vertical ones by the blowing up mor-
phism f. The kernel of 1(Xz; x0)→ 1(X; x0) is just the image by f# of the kernel of 1(X˜z; y0)→
1(X˜ ; y0). The continuation of the proof consists in computing explicitly the kernel of 1(X˜z; y0)→
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1(X˜ ; y0). For this purpose, it is convenient to decompose the natural map 1(X˜z; y0) → 1(X˜ ; y0)
as follows:
1(X˜z; y0)→ 1(X˜ ∗; y0)→ 1(X˜ ; y0)
(where, of course, the two arrows are both induced by inclusion), and to study Drstly the link
between 1(X˜z; y0) and 1(X˜ ∗; y0), and secondly the link between 1(X˜ ∗; y0) and 1(X˜ ; y0). To do
this, we Drst introduce monodromies and variation operators on the blown up space.
7.2. Monodromies and variation operators on the blown up space
By [6, Lemma 4.2], for each i, there is an isotopy
H˜ : X˜z × I → X˜@Ki
such that:
(i) H˜ (x; 0) = x, for every x∈ X˜z;
(ii) H˜ (x; t)∈ X˜!i(t) for every x∈ X˜z and every t ∈ I ;
(iii) for every t ∈ I , the map X˜z → X˜!i(t), deDned by x → H˜ (x; t), is a homeomorphism;
(iv) H˜ ((y; z); t) = (y;!i(t)), for every (y; z)∈M × z and every t ∈ I .
Remark 7.2.1 (cf. [6, Lemma 4.2]). Every isotopy H˜ as above provides an isotopy H as in Section
4.1: indeed, for every (x; t)∈Xz × I , set H (x; t) := f(H˜ (y; t)), where y corresponds to x by the
isomorphism between X˜z and Xz induced by the blowing up morphism f. Conversely, every isotopy
H as in Section 4.1 can be obtained by this formula from an isotopy H˜ as above and uniquely
deDned by H˜ (x; t) := (H (f(x); t); !i(t)) for every (x; t)∈ X˜z × I .
The terminal homeomorphism
h˜: X˜z → X˜z
of H˜ , deDned by h˜(x) := H˜ (x; 1), leaves M × z pointwise Dxed. It is called a geometric monodromy
of X˜z relative to M × z above !i.
Remark 7.2.2. Another choice of loop !i within the same homotopy class [!i]∈ 1(P1\
⋃
i zi; z) and
another choice of isotopy H˜ above !i, as described previously, would give a geometric monodromy
isotopic to h˜ within X˜z by an isotopy leaving M × z pointwise Dxed.
Since h˜ leaves the point y0 = (x0; z) Dxed, it induces an isomorphism
h˜#: 1(X˜z; y0)→ 1(X˜z; y0):
The map
V˜ari: 1(X˜z; y0)→ 1(X˜z; y0)
[] → []−1h˜#([])
is then well-deDned, and by Remark 7.2.2 it depends only on the homotopy class [!i]∈
1(P1 \
⋃
i zi; z).
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Operators V˜ari and Vari are linked by the homomorphism induced by the blowing up morphism
f. This is stated in the next lemma.
Lemma 7.2.3. The following diagram, where f# is the isomorphism induced by the blowing up
morphism f, is commutative:
1(X˜z; y0)
V˜ari−−→ 1(X˜z; y0)
K

 f# K
 f#
1(Xz; x0)
Vari−−→ 1(Xz; x0):
Lemma 7.2.3 follows immediately from Remarks 4.1.1, 7.2.1 and 7.2.2.
7.3. Fundamental group of (X˜ ∗; y0)
The main result of this section (Lemma 7.3.3) is a singular quasi-projective version of [3, Propo-
sition (4.1.1)] (and [4, Lemme (2.4)]).
The exact homotopy sequence of the weak Dbration
p|: X˜ ∗ → P1
∖⋃
i
zi
is written as follows:
· · · → 2
(
P1
∖⋃
i
zi; z
)
= 1→ 1(X˜z; y0) –#→ 1(X˜ ∗; y0)(p|)#→ 1
(
P1
∖⋃
i
zi; z
)
→ · · · :
Since the projection p induces an isomorphism
1
(
x0 ×
(
P1
∖⋃
i
zi
)
; y0
)
∼→ 1
(
P1
∖⋃
i
zi; z
)
; (7.3.1)
one deduces the short exact sequence:
1 −→ 1(X˜z; y0) –#−→1(X˜ ∗; y0) p
′
−→ 1
(
x0 ×
(
P1
∖⋃
i
zi
)
; y0
)
; (7.3.2)
where p′ is the composition of (p|)# with the inverse of isomorphism (7.3.1).
By exactness, –# is injective. We can thus identify –#(1(X˜z; y0)) with 1(X˜z; y0), that is we can
identify the homotopy classes in X˜z and in X˜ ∗ of loops contained in X˜z. With this identiDcation,
1(X˜z; y0) becomes a normal subgroup of 1(X˜ ∗; y0).
On the other hand, one shows easily that the natural map
—#: 1
(
x0 ×
(
P1
∖⋃
i
zi
)
; y0
)
→ 1(X˜ ∗; y0)
is a section of p′ (i.e., p′ ◦ —# =identity). Of course, —# is injective and permits to identify —#(1(x0×
(P1 \⋃i zi); y0)) with 1(x0 × (P1 \⋃i zi); y0), that is it permits to identify the homotopy classes
in x0 × (P1 \
⋃
i zi) and in X˜
∗ of loops contained in x0 × (P1 \
⋃
i zi).
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The existence of such a section, together with the exactness of (7.3.2), implies that 1(X˜ ∗; y0) is
the internal semi-direct product of its subgroups 1(X˜z; y0) and 1(x0× (P1 \
⋃
i zi); y0). Proposition
10.1 of [17] and its Corollary 10.1 then imply the following lemma.
Lemma 7.3.3. Fix a presentation by generators and relations of the fundamental group 1(X˜z; y0)
as in [17, Proposition 4.1]. Then, the fundamental group 1(X˜ ∗; y0) is presented, as in [17,
Corollary 10.1], by the generators of 1(X˜z; y0) and the generators [(x0; !1)]; : : : ; [(x0; !N )] of
1(x0 × (P1 \
⋃
i zi); y0), where N is the number of the exceptional hyperplanes, and by the rela-
tions of 1(X˜z; y0), the relation
[(x0; !1)] · · · [(x0; !N )] = 1
and the relations
[] [(x0; !i)] = [(x0; !i)] h˜i#([])
for every 16 i6N and every []∈ 1(X˜z; y0), where h˜i#: 1(X˜z; y0)→ 1(X˜z; y0) is the isomorphism
induced by a geometric monodromy h˜i of X˜z relative to M × z above !i (cf. Section 7.2).
Of course, (x0; !i) designates the loop I → x0 × (P1 \
⋃
i zi) deDned by (x0; !i)(t) := (x0; !i(t))
for every t ∈ I .
Proof of Lemma 7.3.3. Because of the standard results on the presentations of groups [17] mentioned
above, we have just to verify that, for every 16 i6N and every []∈ 1(X˜z; y0),
(x0; !i) · (h˜i ◦ ) · (x0; !i)−1
is homotopic in X˜ ∗ to .
Let H˜i be an isotopy giving rise to h˜i as in Section 7.2. The map I × I → X˜ ∗ deDned by
(t; s) →

(x0; !i(3ts)); 06 t6 1=3;
H˜i((3t − 1); s); 1=36 t6 2=3;
(x0; !i(3s(1− t))); 2=36 t6 1;
is a homotopy in X˜ ∗ from the loop
t ∈ I →
{
y0; 06 t6 1=3; 2=36 t6 1;
(3t − 1); 1=36 t6 2=3;
which is clearly homotopic to  in X˜ ∗, to the loop
t →

(x0; !i(3t)); 06 t6 1=3;
h˜i ◦ (3t − 1); 1=36 t6 2=3;
(x0; !i(3(1− t))); 2=36 t6 1;
which is clearly homotopic to (x0; !i) · (h˜i ◦ ) · (x0; !i)−1 in X˜ ∗.
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7.4. Fundamental group of (X˜ ; y0)
The following lemma is a singular quasi-projective version of [3, Proposition (4.2.1)].
Lemma 7.4.1. Fix a presentation of 1(X˜z; y0) as in Lemma 7:3:3. Then, the fundamental group
1(X˜ ; y0) is presented by the generators and the relations of 1(X˜z; y0) and the relations
h˜i#([]) = []
for every 16 i6N and every []∈ 1(X˜z; y0), where N and h˜i# are as in Lemma 7:3:3.
More precisely, the kernel of the natural map 1(X˜z; y0)→ 1(X˜ ; y0) coincides with the normal
subgroup of 1(X˜z; y0) generated by the images of operators (V˜ari)i de6ned in Section 7:2.
Proof. By [11, Corollary 5.3], together with the exact homotopy sequence of the pair (X˜ ; X˜ ∗), the
natural map
1(X˜ ∗; y0)→ 1(X˜ ; y0)
is surjective. We can thus deduce the presentation of 1(X˜ ; y0), mentioned (implicitly) in the lemma,
from the presentation of 1(X˜ ∗; y0), given by Lemma 7.3.3, only by adding to it new relations.
As new relations, there are the trivial relations
[(x0; !i)] = 1 for 16 i6N:
We are going to show that they are the only ones. For this purpose, it suQces to prove that every
loop : I → X˜ ∗ based at y0 and null-homotopic in X˜ is homotopic in X˜ ∗ to a loop the triviality of
which, in X˜ , follows from the relations [(x0; !i)] = 1 for 16 i6N .
So, let  be a loop in X˜ ∗ based at y0 and null-homotopic in X˜ . By the exact homotopy sequence
of the pair (X˜ ; X˜ ∗), this loop is then homotopic in X˜ ∗ to the boundary of a relative homotopy 2-cell
, that is a map from I 2 to X˜ with the face {(t1; t2)∈ I 2|t2 = 0} sent into X˜ ∗ and all other faces
sent to y0 (as in [23, Section 15]). By [11, Proposition 5.2], we can assume that
−1
(⋃
i
X˜zi
)
is either empty or a Dnite set of points (pk)16k6k0 . If it is empty, then  is null-homotopic in X˜
∗,
and our property is trivially true. From now on, assume that ∅ = −1(⋃i X˜zi)={pk ∈ I 2|16 k6 k0}.
For each k, we take a small closed disk ,k with centre pk . We assume that the ,k are mutually
disjoint, and for each k we consider a standard loop -k on the boundary @,k of ,k , that is a loop
going once counter-clockwise around @,k .
Lemma 7.4.2. For each index k, if ,k is small enough, then  ◦ -k is freely homotopic in X˜ ∗ to a
loop -′k contained in x0 × (P1\
⋃
i zi).
Before proving Lemma 7.4.2, we show how it implies Lemma 7.4.1.
If  ◦ -k is freely homotopic in X˜ ∗ to such a loop -′k , then  ◦ -k is homotopic in X˜ ∗ to a loop
of the form
.k-′k.
−1
k ; (7.4.3)
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where .k is a path in X˜ ∗ such that .k(0) =  ◦ -k(0) and .k(1) = -′k(0). On the other hand, the
fundamental group 1(I 2 \
⋃
k pk ; O), where O is the origin of I
2, is generated by a family of
homotopy classes of loops of the form
0k-k0−1k for 16 k6 k0;
where 0k is a simple path from O to -k(0)∈ @,k such that:
(i) Im 0k ∩ ,k = -k(0);
(ii) Im 0k ∩ Im 0k′ = O if k = k ′;
(iii) Im 0k ∩ ,k′ = ∅ if k = k ′.
By parametrizing the boundary of I 2 by the curvilinear absciss counter-clockwise, we obtain a loop
based at O and homotopic in I 2 \⋃k pk to
01-10−11 : : : 0k0-k00
−1
k0
(by renumbering the loops if necessary). It follows that  is homotopic in X˜ ∗ to
( ◦ (01-10−11 )) : : : ( ◦ (0k0-k00−1k0 ))
and consequently, by (7.4.3), to the loop
11-′11
−1
1 : : : 1k0-
′
k01
−1
k0 ;
where 1k is the path (◦0k).k . Then, if 2k : I → x0×(P1\
⋃
i zi) is a path such that 2k(0)=(x0; z)=y0
and 2k(1) = -′k(0), the loop  is homotopic in X˜
∗ to
(112−11 )21-
′
12
−1
1 (112
−1
1 )
−1 : : : (1k02
−1
k0 )2k0-
′
k02
−1
k0 (1k02
−1
k0 )
−1:
The triviality of  in X˜ thus follows from the triviality of the loops 2k-′k2
−1
k (16 k6 k0), and the
latter follow from the relations [(x0; !i)] = 1 (16 i6N ).
To complete the proof of Lemma 7.4.1, it remains to prove Lemma 7.4.2.
Proof of Lemma 7.4.2. Fix an index k, and assume that the corresponding point pk belongs to
−1(X˜zi) for some index i such that 16 i6N . For each s∈Si (we recall that Si is the set of
points of non-transversality of Li to the strata of S), we consider a small closed ball SB3(s) ⊂ P˜n,
with centre s and radius 3¿ 0, such that:
(i) SB3(s) ∩ SB3(s′) = ∅ if s = s′;
(ii) SB3(s) ∩ M˜= ∅;
(iii) SB3(s) ∩ p−1(zi′) = ∅ for any other i′ = i corresponding to an exceptional hyperplane Li′ ;
(iv) SB3(s) ∩ Im = ∅.
Condition (iv) is possible since Im  is compact and does not intersect Si (we recall that we have
assumed S ⊂ Z). Denoting by B3(s) the open ball corresponding to the closed ball SB3(s), we set
V :=
⋃
s∈Si
B3(s) ∩ X˜D′i ;
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where D′i is an open disk contained in Di (see Section 3 for the deDnition of Di). By [11, Proposition
5.4] (see also Remark 7.4.5 below), if 3 is small enough and if D′i is small enough (compared with
3), then there is a trivialization
 : X˜D′i \ V
∼→D′i × F
of the restriction of p to X˜D′i \ V such that:
(i)  (X˜(D′i \zi) \ V ) = (D′i \ zi)× F;
(ii)  (M × D′i) = D′i × F ′;
(iii)  (x0 × D′i) = D′i × pr2 ◦  (x0; zi) (7.4.4)
with (F; F ′) homeomorphic to (X˜zi \ V; M˜zi), and where pr2 is the second projection of D′i × F .
Remark 7.4.5. In fact, [11, Proposition 5.4] only gives a trivialization  satisfying (i) and (ii) (in
fact property (i) is automatically satisDed). To obtain in addition (iii), we have to modify it slightly.
First, we must reDne the Whitney stratiDcation denoted by S˜ in [11] so that x0 × P1 becomes a
stratum. This can be done as follows. The axis M˜ is a union of strata of S˜; these strata are of the
form (P˜n \ Y˜ ) ∩ M˜ or (S ∩M) × P1, where S ∈S; the point x0 belongs to one of them (which
is not (P˜n \ Y˜ ) ∩ M˜); denote it by (S0 ∩M) × P1; now, we have just to divide this stratum into
the two strata ((S0 ∩M) \ x0) × P1 and x0 × P1 to obtain the reDnement of S˜ as desired. Then,
the proof of [11, Proposition 5.4] is unchanged if we replace S˜ by its reDnement excepted that,
now, we must also observe that the map denoted by ip˜3;83 in [11], when restricted to the stratum
((S0∩M)\x0)×D83(9i) or to the stratum x0×D83(9i) of the Whitney stratiDcation corresponding (via
the reDnement of S˜ constructed above) to the stratiDcation denoted by iS˜3;83 in [11], is submersive.
This is obvious. Property (iii) then follows from the fact that the trivialization  is compatible with
the Whitney stratiDcation corresponding to the stratiDcation denoted by iS˜3;1 in [11].
By taking ,k small enough, we can assume that
(,k \ pk) ⊂ X˜(D′i \zi) \ V:
Lemma 7.4.6. There is a path 8: I → F such that 8(0)=pr2 ◦ ◦◦-k(0) and 8(1)=pr2 ◦ (x0; zi).
Proof. Let z′ be the point of D′i \ zi deDned by the relation  ◦ -k(0)∈ X˜z′ \ V . Since  ◦ -k(0)
can be joined to y0 in X˜ , the point f ◦  ◦ -k(0) can be joined to x0 in X . Since the natural map
0(Xz′)→ 0(X ) is bijective (by the hyperplane section theorem for pencils), it can be in fact joined
to x0 in Xz′ . So, let :: I → Xz′ be a path such that :(0) = f ◦  ◦ -k(0) and :(1) = x0. Then,
(f|X˜z′ )
−1 ◦ :
is a path in X˜z′ from  ◦ -k(0) to (x0; z′). In fact,  ◦ -k(0) can be joined to (x0; z′) by a path 8′
the image of which is contained in X˜z′ \ V . This will follow immediately from the foregoing if we
show that the natural map 0(X˜z′ \ V )→ 0(X˜z′) is injective.
To prove this injectivity, we proceed as follows. By stratifying suitably Y˜zi and then applying
the local conic structure lemma of Burghelea–Verona (cf. [2, Lemma 3.2]), one shows that X˜zi \ V
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is a strong deformation retract of X˜zi (we recall that we have assumed that S ⊂ Z) provided
3 is small enough. Combined with the fact that the natural map 0(M˜zi) → 0(X˜zi) is surjective
(because the blowing up morphism induces an isomorphism (X˜zi ; M˜zi)  (Xzi ; M) and the natural
map 0(M) → 0(Xzi) is surjective by hypothesis), this implies that the natural map 0(M˜zi) →
0(X˜zi \ V ) is surjective too. Since the pairs (X˜zi \ V; M˜zi) and (X˜z′ \ V; M˜z′) are homeomorphic,
surjectivity also holds for the natural map 0(M˜z′) → 0(X˜z′ \ V ). And since, by hypothesis, the
natural map 0(M˜z′)→ 0(X˜z′) is injective, one deduces that the natural map 0(X˜z′ \ V )→ 0(X˜z′)
is injective too, as desired.
To conclude the proof of Lemma 7.4.6, we consider the path
8 := pr2 ◦  ◦ 8′:
It is a path in F from pr2 ◦  ◦  ◦ -k(0) to pr2 ◦  (x0; z′) = pr2 ◦  (x0; zi) (see property (iii) of
(7.4.4)).
Let pr1 and pr2 be the Drst and the second projection of D
′
i × F , respectively. Since -k(0) is a
strong deformation retract of ,k , the loop  ◦  ◦ -k is homotopic in D′i × F to the constant loop
based at  ◦  ◦ -k(0), and consequently the loop pr2 ◦  ◦  ◦ -k is homotopic in F to the constant
loop based at pr2 ◦ ◦◦-k(0). The loop ◦-k is thus homotopic in X˜(D′i \zi)\V to the loop ;k deDned
by
t ∈ I →  −1(pr1 ◦  ◦  ◦ -k(t); pr2 ◦  ◦  ◦ -k(0)):
Now, using Lemma 7.4.6 and properties (7.4.4), we see easily that the map
I × I → X˜(D′i \zi) \ V ⊂ X˜ ∗
(t; t′) →  −1(pr1 ◦  ◦  ◦ -k(t); 8(t′))
is a free homotopy from ;k to a loop -′k contained in x0 × (D′i \ zi). This completes the proof of
Lemma 7.4.2.
7.5. End of the proof of Theorem 5.1
Since the maps 1(X˜z; y0) → 1(Xz; x0) and 1(X˜ ; y0) → 1(X; x0), induced by the blowing up
morphism f, are both isomorphisms (see Section 7.1), Theorem 5.1 follows from Lemmas 7.4.1
and 7.2.3, and from the commutativity of diagram (7.1.1).
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